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I Introduction
According to Pettini [1] , the geometrization of Hamiltonian chaos can be used as an alternative to Lyapunov exponents [2] in the investigation of stability of Hamiltonian flows. In this paper it is shown that not only Hamiltonian enlargement of manifolds can be used in this way [1] but also that as shown by Tang and Boozer [3] there is a simple relationship between the metric and the Lyapunov exponents, this last approach can be used to investigate the instability of mechanical manifolds [1] through the JacobiLevi-Civita (JLC) equation case, of simple topologies such as the one of twisted MFTs and even in the analysis of dynamo action [4] . Lyapunov spectra of twisted MFTs, are shown to be determined in a simple way, from JLC equations, in the case the tube [5] is distorted yielding a negative sectional curvature of 2 − D manifold T . The Hamiltonian flow inside the tube is built, and the potential energy V [1] , is determined by the Ricci scalar. It is shown that, from the computation of Ricci's sectional curvature [1] and the incompressibility condition, the sectional curvature is constant in the weak Frenet where R = 2K Ricci (s) is the Ricci curvature scalar, and K represents the sectional curvature. Here one considers the flux tube Riemann metric
where, K(s) = (1 − r(s)κ(s) cos θ(s)) is the stretching factor of the metric, and θ(s) = θ R − τ (s)ds, where τ (s) is the Frenet torsion of the flux tube axis, and κ(s) is the Frenet curvature of the same axis. Actually, one considers the thin flux tube approximation where K(s) = 1. It is well known that when the sectional curvature scalar is negative the Lyapunov exponents are positive and there is a spread of the geodesic flow. By analyzing the spectra of the twisted MFT, it is shown that the greater exponent is proportional to the random radial flow of the tube, which means that the Riemannian model of dynamo flow is chaotic. It is also shown that were non-decreasing as happens in general with Lyapunov exponents [1] . In this paper one investigates a similar problem in the context of the time evolution operator under Ricci flow in the backyard of the twisted MFT. To be able to determine the Lyapunov eigenvalue spectra in twisted MFTs, which is a fundamental problem which helps one to determine the stability of the flows inside flux tubes such as tokamaks or stellarators in plasma physics [6] or even in the context of solar or other stellar plasma loop [6] , one computes the eigenvalue spectra of the Ricci tensor under the Ricci flow. This is an important problem for plasma theorists and experimentalists, shall be examined here in the framework of Riemannian geometry [7] . Recently, Thiffeault, Tang and Boozer, investigated Riemannian constraints on Lyapunov exponents [7] , based on the relation between the Riemann metric and the finite-time Lyapunov exponential stretching, so fundamental for dynamo action. Note that, here, another sort of constraint is investigated. Instead of the vanishing of the Riemann curvature tensor, called by mathematicians, Riemann-flat space or condition, one use the Lyapunov spectra under Ricci flow. Chaotic flows inside the twisted MFTs are investigated. Anosov diffeomorphism [8] , is an important mathematical tool from the theory of dynamical systems, that has often been used, in connection with the investigation of dynamo flows and maps [9] such as the Arnold's Cat Map [9] on the torus, useful in mixing [10] problems in the physics of fluids. One of the main properties of the Anosov maps is that they yield Lyapunov exponential of the chaotic exponential stretching, which are constant everywhere [7] . The role of the JLC on the Lyapunov exponents on the propagation of light in cosmology has been recently addressed by Artyushkova and Sokoloff [11] . After the Perelman's seminal paper [12] , on an explanation of the Poincare conjecture, many applications of the Ricci 
II Ricci fast magnetic dynamo flows in MFTs
Let us start this section, by defining the Ricci flow as:
Let us consider a smooth manifold which Ricci tensor Ric obeys the following equation:
Here g is the Riemann metric over the manifold M where in g(t), t∈ [a, b] . By chosing a local chart U on this manifold, the Ricci flow equation may be written as
with this equation in hand let us now compute the eigenvalue spectra of the Ricci tensor as
where here (i, j = 1, 2, 3 the following lemma, can be proved:
If λ i is the eigenvalue spectra of the Ricci tensor Ric under Ricci flow [13] equation, the Lyapunov spectra is given by the following relations:
where λ i are the finite-time Lyapunov numbers. The infinite or true Lyapunov number is
Here one has used the finite-time Lyapunov exponent given by
Note that one of the interesting features of the Ricci flow method is that one may find the eigenvalue Lyapunov spectra without computing the Ricci tensor, of the flux tube, for example. Actually the twisted flux tube Riemannian line element [14] 
can now be used, to compute the Lyapunov exponential stretching of the flow as in Friedlander and Vishik [14] "dynamo flow" with the Ricci flow technique above. Here twist transformation angle is given by
One another advantage of the method used here is that this allows us to compute the finite-time Lyapunov exponential, without the need of recurring to the non-Anosov maps [15] . The Lyapunov exponents here are naturally non-Anosov since the exponents are non-homogeneous. Here K(r, s) := (1 − rκ(s, t) cos θ), is the stretching in the metric. Let us now compute the eigenvalue spectra for the MFTs. Note that the eigenvalue problem, can be solved by the 3D matrix
The eigenvalue equation
the following eigenvalue Lyapunov spectra for thick tubes, where K ≈ −κ 0 rcosθ(s) are
Therefore, since for the existence of dynamo action, at least two of the Lyapunov exponents have to have opposite signs [1] in order to obey the stretching (λ 3 > 0) and contracting (λ 2 < 0), in order that the radial flow v r be negative, λ 3 > 0. Therefore from the above expressions the following constraint is obtained:
Thus the vr r < 0 yields a compression on the flux tube which induces the in the tube a stretch along the toroidal direction-s, by the stretch-twist and fold dynamo generation method of Vainshtein and Zeldovich [17] . In the next section one shall compute the relation between twist or vorticity, and the when the sectional curvature of the thin tube is negative. Actually this leads us to the following time dependence of the magnetic field components, as
where ω 1 is a constant vorticity inside the dynamo flux tube.
III Jacobi-Levi-Civita equation and Ricci curvature
In this section the Ricci sectional curvature [17] in the case of a radial perturbation of a thin twisted MFT. This is justified since, as one has seen in the last section, the radial flow is fundamental for the existence of non-vanishing Lyapunov exponential stretching, which in turn are fundamental for the existence of dynamo action. On the other hand, following work by D. Anosov [9] , Chicone and Latushkin [18] have previously shown that geodesic flows, which possesses negative Riemannian curvature has a fast dynamo action. Let X and Y be vectors laying in tangent manifolds T M to a Riemannian manifold M ⊂ N where N is an Euclidean three dimensional space. The Ricci sectional curvature is given by
where R(X, Y )Z is the Riemann curvature given by
where
As usual ∇ X Y is the Riemannian covariant derivative given by
Expression [X, Y ] is the commutator, where which on the vector frame e l , (l = 1, 2, 3) in
or its dual basis
where Einstein summation convention is used. Thus the commutator is written as
Thus the Riemann curvature tensor becomes
By considering the thin tube approximation K ≈ 1 where the gradient is given by
Note that choosing a chart U ⊂ M, one may compute the Riemann curvature of metric (I.2) as
which from the JLC equation yields
It is easy to show from the expression of a isotropic Riemannian curvature tensor
where K Ricci is the constant sectional curvature, which is equal to half the Ricci scalar curvature R. Thus from the expression (IV.54) one obtains
which since the metric is diagonal g 23 vanishes and this component of the Riemann tensor coincides with the result (IV.54). The Ricci curvature components are
Now let solve the geodesic deviation JLC equation
which yields
for K Ricci > 0, and
for K = 0 and 
(1 − τ 0 rcosθ) (IV.42)
(1 − τ 0 rcosθ) (IV.43) for the Riemann curvature tensor, while the Ricci tensor components are
(1 − 2τ 0 rcosθ + τ 0 2 rcosθ) (IV.44)
(1 − 2τ 0 rcosθ + τ 0 2 rcosθ) (IV.45)
(1 − τ 0 rcosθ) (IV.46)
(1 − 2τ 0 rcosθ + τ 0 2 rcosθ) (IV.47)
Most of these curvatures can be easily simplified in the weak torsion case. Let us now
give a more dynamical character to these expressions by considering the Thiffeault-Boozer
Riemann metric relation with the Lyapunov exponents of exponential stretching by expressing this metric in terms of the directions t, e r and e θ along the curved tube as g ij = Λ r e r e r + Λ θ e θ e θ + Λ s tt (IV.48)
where (i, j = r, θ, s) and Λ i are the Lyapunov numbers which are all positive or null. The Lyapunov exponents are given by
The infinite symbol over the Lyapunov exponent indicates that this is a true Lyapunov From the last two expressions it is easy to observe that the magnetic field is stationary in the absence of random radial flows, and there is no fast dynamo action as well as no stretching due to the vanishing of the Lyapunov exponents. This phenomenon is actually the Vishik's anti-fast dynamo theorem [17] where no fast-dynamo action can be obtained, 
which shows that the Riemann curvature is unstable in the infinite time limit, if the torsion is positive, while it is stable if the torsion is negative. The Ricci tensor components are
The Ricci tensor is
In all these computations one has assumed the weak torsion approximation, which is very reasoble for example, in astrophysical plasmas. Note from the Riemann curvature expression that the Riemann space is flat when the random radial flow vanishes, and when the torsion τ 0 > 1 the scalar curvature R is singular, or unstable, when t → ∞. However, since one assumes here that the weak torsion approximation, the curvature computations are in general unstable. Since the twist of plasma MFTs is proportional to torsion of the MFT axis, this is a very reasonable approximation since the twist in kink solar loops for examples is very weak of the order of T w ≈ 10 −10 cm −1 . When torsion vanishes the stationary Riemann curvature is periodic and reduces to
Thus when the radial random flow vanishes the Riemann curvature can be spatially periodically. Let us now compute the determinant of the Riemann metric
This might be g = 1 in the case of incompressible chaotic flow as ∇.v = 0, which allows us to say that the chaotic helical flow inside the tube has to be compressible. Tang and Boozer [5] , have also examine the problem of compressible chaotic flows. As a final observation one notes that the Frenet curvature of material lines inside the tube, increases as the Ljapunov exponents or metric decreases. This can be seen by a simple examination of the metric factor g ss = (1 − κ(s)rcosθ) 2 since the Frenet curvature κ(s) growth implies that this stretching factor decreases, of course along the Ljapunov exponents since they depend upon the Riemann metric.
V Geodesic flows in chaotic dynamos
Anosov [8] demonstrated that hyperbolic systems which are geodesic flows [14] , are nec- Substitution of these symbols into the geodesic equation
yields the following equations for the geodesic flow v as
which yields dv
Proceeding the same way with the remaining equations yields
and dv
By assuming that the v 3 = constant = v 3 0 one obtains
, one is able to integrate the geodesic equations to obtain the flow topology as , which yields dv
These two last equations together yield has been discussed by Friedlander and Vishik [17] . In the case discussed above it is shown that compressed solar flux tubes for example can give rise to the onset of chaos yielding chaotic dynamos [18] to take place. Further investigation between the relation between the random flows in Riemannian space and Lyapunov exponents [19, 20] may appear elsewhere. A very recently work on dynamo action in Moebius flows [21] and its connection with the also twisted flow discussed here may appear elsewhere. Experiments for dynamo action in laboratory may also be suggested from the work discussed here.
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